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Objectives 


The primary aim of this unit is to explain the Fundamental Theorem of 
Calculus and to use it to derive routine procedures for obtaining the 
primitive functions of any function we may need to integrate (provided a 
primitive function which can be expressed in terms of known functions 
exists). 

After working through this unit, you should be able to: 


(i) explain the meaning of the Fundamental Theorem in your own 
words; discuss the main features of the proof, and decide whether 
or not a given function satisfies the conditions necessary for the 
validity of the proof; 

(ii) find primitive functions and definite integrals of simple functions 
using the table of primitives given in section 13.3.1; 

(iii) apply the method of integration by parts to suitable given integrals ; 
(iv) apply the method of integration by substitution to suitable given 
integrals ; 

(v) convert integrals expressed in function notation into Leibniz nota- 
tion, and vice versa. 


N.B. 

Before working through this correspondence text, make sure you have 
read the general introduction to the mathematics course in the Study 
Guide, as this explains the philosophy underlying the whole course. 
You should also be familiar with the section which explains how a text 
is constructed and the meanings attached to the stars and other symbols 
in the margin, as this will help you to find your way through the text. 
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Glossary 


Terms which are defined in this glossary are printed in CAPITALS. 


CONSTANT OF 
INTEGRATION 


ELLIPSE 


IDENTITY 


INDEFINITE 
INTEGRAL 


INTEGRATE A GIVEN 
FUNCTION f 


INTEGRATION BY 
PARTS 


INTEGRATION BY 
SUBSTITUTION 
INTEGRATION 
OPERATOR 


PRIMITIVE FUNCTION 


SUBSTITUTION, 
INTEGRATION BY 


vi 


All real functions of the form x*—> F(x) + c.ce R. 
are PRIMITIVES of the real function f(where DF =f): 
c¢ is called a CONSTANT OF INTEGRATION. 

An ELLIPSE is a plane figure which (for an appro- 
priate choice of Cartesian co-ordinates) is the graph 
of the equation 


where x, y are Cartesian co-ordinates and a, b are 
positive real numbers. 


An IDENTITY is a formula such as f(x) = g(x). 
which relates images under two functions and which 
holds for a// elements in their common domain. 


An INDEFINITE INTEGRAL is an alternative name 
for a PRIMITIVE FUNCTION. 


To INTEGRATE A GIVEN FUNCTION f is to find a 
PRIMITIVE FUNCTION of f. 


INTEGRATION BY PARTS is the evaluation of the 


b 
integral [ J x Dg using the rule: 


b bh 
[fx ve=trx et fe x oy 
See SUBSTITUTION. 


The operator, denoted here by /, which maps a real 
continuous function to its PRIMITIVE FUNCTIONS 
is called the INTEGRATION OPERATOR. 


If fis a real function, then a function F with the 
property that 


h 
[f= Fo - Fe, 


for alla and 6 in the domain off, is called a PRIMITIVE 
FUNCTION of f- 


Integration by substitution is the evaluation of the 


rb 
integral I (gk) x Dk using the rule: 


b k(b) 
Fok x Dk= fg 


K(a) 


4] 


Ww 


is) 
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Notation 


The symbols are presented in the order in which they appear in the text. 


[s 


RxR 
I 
acla b} 


lim f(b) 


boa 


D 
df (x) 


dx 


[re dx 


=> 


(Fy 


The definite integral of f in [a, b]. 


The Cartesian product of R with itself. 
The integration operator. 
The average value of the function f over the interval (a, b]; 


that is, 
1 e 
salt 


The limit of f near the point a. 


The differentiation operator. 


The Leibniz notation for the derivative of f at x. 


b 
The Leibniz notation for | f. 
The logic symbol for implication. 
b 
F(b) — F(a), that is { J, where DF = f. 


The exponential function. 
The logic symbol for equivalence. 
The domain of the operator J. 


The logarithm function. 


The definite integral of the function x-— x cos x in [a, b]. 


One of the primitive functions of the real continuous 
function f. 
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13.0 INTRODUCTION 


This is the second of two units on Integration in the Foundation Course. 
In Unit 9, Integration I we discussed the definite integral, how it could be 
applied to problems such as the measurement of areas and of volumes 
of revolution, and how to evaluate definite integrals of polynomial 
functions directly from the definition of a definite integral. This method of 
evaluating integrals is based on ideas developed by Archimedes about 
2200 years ago, and for about 1900 years after his death it was the only 
method available for such problems. About 300 years ago, however, 
Newton and Leibniz independently discovered a much more powerful 
method, which greatly simplifies the calculations and, in consequence, 
greatly enlarges the class of functions that can be integrated. The present 
unit is devoted to the study of this second method of evaluating integrals. 


The basis of the method is a theorem known as the Fundamental Theorem 
of Calculus. This theorem establishes a connection between two subjects 
which we have hitherto treated in isolation: integration and differentiation. 


The reason why this theorem took 1900 years to discover is that it required 
several concepts that were, in Newton's time, unfamiliar and difficult 
even for the greatest mathematicians. Today, however, the situation is 
quite different; we are familiar with the concept of a limit, and know 
how it can be used to define the terms derivative and definite integral. With 
these milestones behind us, we should not find the Fundamental Theorem 
too difficult. 


In the first part of this text we shall discuss the Fundamental Theorem. 
In the second part, we shall introduce some of the powerful techniques 
of integration that were made possible by the discovery of the Fundamental 
Theorem. In this latter part we shall also consider some applications of 
these methods to problems outside the calculus itself, For example, the 
method makes it possible to write down an exact formula for the arca 
of a circle, and hence to express z as a definite integral. From this formula 
one can (given sufficient time and patience) calculate x as accurately as 
one pleases. 
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13.0 


Introduction 


Archimedes 287-212 B.c. 
(Mansell Collection) 


Isaac Newton 1642-1727 
(Mansell Collection) 


Gottfried Wilhelm Leibniz 
1646-1716 
(Mansell Collection) 


13.1 THE FUNDAMENTAL THEOREM OF 
CALCULUS 


13.1.1 Primitive Functions 


At first sight there seems to be no connection at all between differentiation 
and integration, or between tangents to curves and the areas under the 
curves, The first step in seeing that there actually is a connection is to 
look more closely at the structure of the formulas for integrals obtained 
carlier in the course. 

In Unit 9, Integration I we saw that one way of looking at the definite 
integral is as an area, and by approximating areas by sums of rectangles 
we were able to find exact formulas for a few definite integrals, for example: 


bs 
[sinb-a 


2 2 
fs eee 
fae ane emer ee 


where a and b are real numbers, and the various functions are all real 
functions (that is, with domain and codomain R or a subset of R; the 
domain must, of course, include the interval [a, b]). Although the expres- 
sions on the right-hand sides of the three equations are all different, 
they have a common feature: each of them is the difference of two terms, 
one depending on b and the other depending in the same way on a. Let 


us use the letter F to denote the real function which specifies the way in 
2 
which the first term on the right depends on b (for example, Fsbo 


in the second formula); then the first term on the right is F(b), and the 
second is F(a), and each of the formulas can be written in the form: 


b 
[=F - Fe 


with suitable functions f and F. We shall call the function F a primitive 
3 
function* of the function f; in our third example, be is a primitive 


function of x-— x?. In general, given any continuous real function f, 
we define a primitive function of f to be any F such that Equation (1) 
holds for all a and b in the domain of f. 

Notice that we say “a primitive function”, not “the primitive function”. 
This is because primitive functions are not unique: for each f there are 
many primitive functions F. For instance, instead of 


and still have 
b 
i xt x? = Fy(b) — Fy(a), 


and so F, is also a primitive function off. 


* The term indefinite integral is common. Our termi 
is a function, not a number like a definite integral. 


t For the definition of continuity, see Unit 7, Sequences and Limits 1. 


nology is meant to emphasize that F 


EA Wa | 


Viain Text 


Equation (1) 


Exercise 1 


If f is a continuous real function with a primitive function F, use 
Equation (1) to show that 


eae 


for all a and b in the domain of f. a 


Exercise 2 


Complete the following table: 


F,a primitive 

f F(b) F(a) function of f 
x-—— 1 (xeR) 75 a aes 
xe— x (xe R) at, a 22 
xt x? (xe R) by Se x8 

i | 


Fora given continuous real function f with domain R, the definite integral 
b 


J is determined by the values of both a and b; evaluating it is therefore 


a 
tantamount to calculating the image of (a, b) under the following function 
of two variables : 


ib 
(a,b-— | f (labeR x R). 


If we regard either a or b as fixed, then we can consider the definite integral 
as defining a function of one variable, with domain R rather than R x R; 
for example, 


b— fs (be R). 


Functions with domain R are usually easier to deal with than those with 
domain R x R, butit is not clear at the moment just how this new function 
is going to help. This is where the Fundamental Theorem of Calculus 
comes in: it gives us a general method for finding a primitive function 
of f without first evaluating the integral by summing rectangles. 

The table in Exercise 2 is reminiscent of the table of derivatives in Unit /2, 
Differentiation I. The first and last columns constitute a list of ordered 
pairs of functions, and may therefore be held to define a mapping whose 
domain and codomain are sets of functions — that is, an operator. There 
is no need to restrict the domain of this operator to the three functions 
listed in Exercise 2; rather, we may expect to be able to use for the domain 


b 
some much more general set of functions f, such that f f exists for all 
e 


aand b in the domain of f (A suitable set is the set of all real continuous 
functions. See the end of section 13.1.4.) This operator may be called 
the integration operator, and represented symbolically as follows: 


I: (the set of all primitive functions of / ). 


The process of finding a primitive function is called integration, and in 
applying I to f one is said to integrate the function f- 
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Exercise 1 
(2 minutes) 


Exercise 2 
(2 minutes) 


Main Text 


Detinition 2 


Solution 1 


If F is a primitive function of f. then 


pb 


| f= FO - Fo 


for all a and b in the domain of f. 
It follows that 


[r= Fe - Fe) 
b 


= —(F(b) — Fla)), 


Solution | 


that is, 
a b 
oof : 
b a 
Solution 2 Solution 2 
F, a primitive 
F(b) F(a) function of f 
x-— 1 (xeR) b xX (xe R) 
x-—x (xeR) xXt— > 4x? (xe R) 
x x? (xe R) xe— 4x3 (xe R) 
| 
Exercise 3 Exercise 3 
(3 minutes) 


+ f(x) 


The entire shaded area 


is ft fPr= fr 


a rb b 
Use the result £ +f f -{ J (given in Unit 9, Integration 1; see 


also the above diagram) to show that, if f is a real continuous function 
with domain R, then for any real number c the function F given by 


Fie "s (xe R) 


is a primitive function of f. 


Exercise 4 


If f is a real continuous function with domain R, and F is a primitive 
function of f, are there any numbers c (other than zero) for which the 
function F, defined by 


Fy:x-— > F(x) +.¢ (xe R) 
is also a primitive function of f? ‘| 


The result of this last exercise is an important one. If F is any primitive 
function of some given function f, then any function of the form 


xt—— F(x) + ¢ (x € domain of F) 


where c is any real number, is also a primitive function of f. Another way 
of saying the same thing is that the operator J is not a function: under 
this operator the image I(f) of a given element f in the domain of J is 
not a unique element of the codomain of J, but a set of such elements. 
The real number c is called a constant of integration, and each different 
value for c gives a different primitive function of f. 


Exercise 5 
Find a primitive function F of the function 
xr— x (x e€ R) 


with the property F(0) = 1. | 


13.1.2 The Fundamental Theorem of Calculus: Part 1 


If the only property of primitive functions F ofa function f were that they 
satisfied the definition given in the preceding section; that is, 


[r= Fe Fe) (adeR xR), 


they would provide little more than a useful alternative notation for 
definite integrals. They would not help us with the job of actually calculat- 
ing the definite integrals, because our only way of finding a primitive 
function of f would be to find the definite integral first, and then use 
Equation (1), or the formula in Exercise 13.1.1.3, to find F. The property 
hich makes the primitive function concept really useful is that there is 
another way of finding primitive functions, which does not require us 
find the corresponding definite integral first. This method is provided 
by the Fundamental Theorem of Calculus. 


The basic idea of the Fundamental Theorem is to creep up on the integra- 
tion mapping from behind, as it were, by identifying its reverse mapping. 
view of the property we used to define /, 


E:f——+F, 
this is equivalent to finding a rule giving fin terms of one of its primitives. 
other words, we shall regard F (rather than f) as the given function 


Equation (1), and try to determine from it the function f. This will 
enable us to identify the mapping 


Fr— f; 


we can then find primitives of f by reversing this new mapping instead 
by evaluating definite integrals directly. 


w 
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Exercise 4 
(3 minutes) 


Main Text 


Definition 4 


Exercise 5 
(2 minutes) 


13.1.2 


Main Text 


Equation (1) 


(continued on page 6) 


Solution 13.1.1.3 


To ib rb 
The result [ f+ f sal J gives 


A bh a 
befeLs 
= F(b) — F(a) _ by definition of F. 


and hence F is a primitive function of f. Notice that, since ¢ is arbitrary. 
this method enables us to define as many different primitive functions 
of f as we please. | 


Solution 13.1.1.4 


Yes: any real number ¢ gives a primitive function of f. To test whether 
F, is a primitive function of f we must test whether 


[or = Fb) ~ F(a) ((a.b)eR x R). 
Since F is a primitive function of f. we have: 

fr = F(b) — F(a) ((a,b)eR x R), 
and sheretice 


b 
f S = (F(b) + c) — (Fla) +c) ((a,b)e€R x R); 


that is, 
b 
SJ = F{b) — Fa) ((a,b)eR x R), 
a 
so F, is a primitive function of f. | | 


Solution 13.1.1.5 


A primitive function of x-—> x is x-—+4x?, so that a more general 
primitive function of x-—+ x is x-— > }x? +c, where ¢ is any real 
number. Denoting this function by F, we have 


F(x) = 3x? + c, and hence F(0) = c. 


The exercise requires F(0) = 1, so that c = 1, and therefore the required 
primitive function is 


xr— dy? + (xe R). z 


(continued from page 5) 


We assume as usual that f and F are real functions, and we shall also 
assume, in order to be able to state theorems that can be 
(even though we do not prove them rigorously here), th: 
everywhere in its domain. Since there is no immedia' 
go about finding f from F using Equation (1), this is a good place to 
apply one of Polya’s problem-solving maxims: ‘“‘Do you know a related 
problem?” (see Polya*, pages xvi and 98). We need to be able to et i: 

value of f(x) from an integral of f. We cannot do this yet, but in pare : 
9.3.2 of Unit 9, Integration I we did see how to get average values eh 


proved rigorously 
at f is continuous 
tely obvious way to 


*G. Polya, How to Solve It, Open University 
‘x i y ed. (Doubleday Anchor Book: : 
book is the set book for the Mathemati ‘i oes ‘ooks 1970). This 
ae Polya. ¢ Mathematics Foundation Course; it is referred to in the text 


Solution 13.1.1.3 


Solution 13.1.1.4 


Solution 13.1.1.5 
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definite integrals. The formula was 
1 b 
fala.b] = ff, 
b—aJ, 


where {,,[a, b] denotes the average value of the function J over the interval 
[a, b]. Equation (1) now gives us this average value in terms of F: 


F(b) — F 
Sala, b] = FO) = Fa) Equation (2) 


The expression on the right can be interpreted graphically: it is the slope 
of a chord of the graph of F, as illustrated in the following figure: 


F(x) 


slope 


F(b)- F(a) 
b-a 


Finding the average value of f(x) 
from the graph of F 


We now need a way to get from the average value of f over [a,b] to the 
value of f at some specific point in its domain. We faced a similar problem 
earlier in the course (Unit 7, Sequences and Limits I ; Unit 12, Differentiation 
1) when we wanted to obtain instantaneous velocities from average 
velocities, and the method is just the same here. To refresh your memory, 
we shall go quickly through the argument again. Since f is continuous, 
we can argue that, if a and b are very close together, then f(x) is very 
nearly constant over the interval (a,b), so that its value at any specific 
point in the interval, say a, is closely approximated by the average value 
over [a, b], as illustrated in the figure below: 


st(x) 


How the average value of f (x) varies as 
the interval width is reduced 


By making b close enough to a we expect to make the error in this approx- 
imation as small as we please. and by a suitable limiting procedure we 
expect to obtain f(a) exactly. To formulate this idea more precisely, we 
expect to find that 


lim (f,,[@. 6]) = f(a). 
boa 


: ‘es ae ee 
ha (J 1| = ia 


It can be shown that this equation does indeed hold (and that the limit 
on the left exists), when the function f is continuous at a. If you are 
interested in such a proof, see Apostol, Calculus Vol. I, p. 202 or Burkill, 
Mathematical Analysis, p. 129. (These books are described in the Biblio- 
graphy.) 

Substituting from Equation (2) for the left-hand side of Equation (3), 
we find 


Equation (3) 


that is 


lim F(b) — Fla) _ 10. 

ba 0b a 
In terms of the graph of F, the limit on the left is the limiting slope of 
the chord AB when B is very close to A. We know already from Unit /2, 
Differentiation I that this is the slope of the tangent at A, and is given by 
the derivative of the function F at a, that is, by DF(a), where D is the 
differentiation operator defined in Unit /2. Differentiation I. 


as 


F(b)- F(a) 
slope “== 


a 8 


Sirens 


Thus we have found that 
DF(a) = f(a). 


Since this equation holds for any real a in the domain of f, it follows that 
the functions DF and f are identical. This is the first part of the Funda- 
mental Theorem of Calculus: 


If fis a real continuous function and if F is a primitive f i 
i a primitive functio: 
of f, then DF = f. 7 ber 
In other words, the differentiation which takes us from F to f undoes the 
integration which took us from f to F. 


Example | 

Example 1 
We have already seen that a primitive function of (x-— x) is (xt 4?) 
How does this fit in with the theorem? ie 
In the context of the theorem, (x-— x) is fand (x-—> 4. 


; 5x?) is F. S 
ing to the theorem, DF = f, and indeed we see here that : setts 


D(x $x?) = (x-— x), 
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Exercise | Exercise I 


: Dead (5 minutes) 
Find the derivative at x of each of the functions 


aes and xv f's, 


where f is a real function and a and b belong to the domain of /f. 
(HINT: Reconsider Exercise 13.1.1.3.) 


If you are familiar with the Leibniz notation for derivatives, write your 
results in this notation too. 


These results give an alternative, very convenient formulation of the 
first part of the Fundamental Theorem. | 


Exercise 2 Exercise 2 


(3 minutes) 
Use the Fundamental Theorem to check whether the following statements 


are true or false: 


b 
(i) J x+— sin x = cosb — cosa TRUE/FALSE 


b 
(ii) i xt— cos x = sinb — sina. TRUE/FALSE 
| 


The first part of the Fundamental Theorem of Calculus does not com- Main Text 
pletely solve the problem of finding primitive functions, but it takes us = 

a long way towards the solution. It does not show us how to find a 

primitive function, F, of a given continuous function f. It does tell us 

that each primitive function F can be differentiated, and has derived 

function f. We can use the theorem to find f when F is known, or to check 

the calculation by which a primitive function has been found. 


13.1.3 The Fundamental Theorem of Calculus: Part 2 13.1.3 


How can we use the result of the preceding section to evaluate integrals? Discussion 
To evaluate a definite integral involving a given function /, it is sufficient a 
to know a primitive function of f; the result in question helps us to 
recognize a possible primitive function, by telling us that every primitive 

function of a given continuous function f has the property that its derived 

function is f. Accordingly, if we look among the functions which have 

derived function f, we shall find all the primitives of f, but perhaps some 

other functions as well. Thus the result narrows the field in which to 

search for primitive functions of f, but it does not tell us how to be sure 

of finding them, or even how to be sure whether a supposed primitive 

function of f really is one or not. 


Set of all primitive 
functions of f 


Are there any 
functions in the 
shaded set? 


Set of all functions 
with derived function f (continued on page 11) 


ion 13.1.2.1 
Solution 13.1.2.1 Solution 
Writing 
F, for the function vf f 
and 
hb 
F, for x | Ii 


we see (by the result of Exercise 13.1.1.3) that F, is a primitive function 
of f, so that the Fundamental Theorem gives 


DF, = f. 
that is, the derivative of -— [ f at x is f(x). 
For F,, we can use the result: 
bs x 
fr--[s 
Pf b 
obtained in Exercise 13.1.1.1; this gives 
Fy:x-— f 7; 
b 
that is, 
x 
-F, or | f. 
b 


Using the result of Exercise 13.1.1.3 again, we see that — F, is a primitive 
function of f, and so 


D(-F:) =f 
By the First Rule of Differentiation (see Unit /2, section 12.2.2), 
D(-1 x F,) = -1 x DF, 
and therefore 
DF, = —f; 


b 
that is, the derivative of x— | f at x is — f(x). In Leibniz notation 
x 


these results may be written: 


d f* df? 
al Slat = f(x) and ral side = =f), 


where ¢ is a dummy variable. a 


Solution 13.1.2.2 Solution 13.1.2.2 


(i) FALSE. The statement asserts that the cosine function is a primitive 
function of the sine function. Differentiating the primitive, cos, 
should restore the original function, sin, but in fact we have 
Dcos = —sin, so the assertion given is false. 

(ii) The statement asserts that sin is a primitive of cos; if this is so, then 
we should have D sin = cos, which is true; so there is no evidence 
against the assertion and we mark it TRUE. Notice the caution 


implied by our choice of words. We have argued in the previous 
text that* 


(F is a primitive function off)=>(DF = tf). 


* = is the logic symbol for implication, introduced in Unit 1/, Logic 1. 


but we have not shown that 
(DF = f) = (F is a primitive function of f) 


which is the result we require here. a 


(continued from page 9) 


In this section we shall demonstrate a further result which removes 
any doubt, by showing that under suitable conditions the “other func- 
tions” referred to (p. 9) do not exist: every function with derived function 
J is in fact a primitive function of f. In other words we shall show that the 
shaded region in our Venn diagram represents an empty set. 

The principal step is to characterize the set in which the primitive func- 
tions of f are to be found: the set of all functions with derived function /. 
In terms of graphs, this set is the set of all functions whose graphs have 
slope f(a) at each point with x-co-ordinate a. The following diagram 
shows, at the top, the graph of a continuous function J and, at the bottom, 
graphs of a few functions with derived function nf 


f(x) 


kee E(x) 


Graphs of some functions 
with derived function f 


This diagram indicates that the functions with derived function S have 
graphs that are congruent curves. That is, any one of the curves can be 
superimposed on any other by shifting it in a direction parallel to the 
y-axis: such a shift alters neither the x-co-ordinate of any point on the 
curve nor the slope, f(x), at that point. 


Such a shift in the graph is equivalent to adding a constant function 
to the original function; that is, replacing a function such as x —> F(x) 
by xt-— F(x) + ¢ where c is a real constant giving the amount of the 
shift. This demonstrates that all the functions with derived function i 
differ by constant functions. Like most arguments based on diagrams, 
this is a demonstration, not a proof. For a proof see Apostol, Calculus 
Vol. 1, p. 187 or Burkill, Mathematical Analysis, p. 75. 
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So if F and F, both have derived function /, they differ only by a constant 
function. But we have seen in Exercise 13.1.1.2 that if F is a primitive of 
f. then any function that differs from F only by a constant function is 
also a primitive. Thus every function that has derived function f is a 
primitive of f, and so the shaded region of the Venn diagram on page 9 
represents an emply set. 

The result that we have just demonstrated is the second part of the 
Fundamental Theorem of Calculus. It tells us that, to find some primitive 
function of a given continuous function f, it is sufficient to find any 
function whose derivative is f. A concise statement of the result can be 
obtained by denoting one of the functions with derived function f by F, 
so that f = DF; then the result tells us that F is a primitive of DF, or 
more precisely that 


If F is a real function whose domain includes the interval [a. hJ. Theorem 
and if DF is continuous in fe. b}. then aa 
ah 
DF = F(b) — F(ab. 
Because expressions like F(b) — F(a) occur frequently, we abbreviate by 
writing 
(Fy) = Ftb) - Flo) Notation 1 


so that, for example 
(x x73 = 3? - 2? = 5. 


To illustrate how this second part of the Fundamental Theorem of 
Calculus is used to evaluate integrals, let us apply it to 


2 
a‘ xr x3, 
1 
We look for a function F such that 
3 


DF = x-—x 


We showed in Unit /2 that differentiation always reduces the degree of a 
polynomial function by one, so we are led to consider D(x*—— x*), 
which is x-—> 4x3. Apart from the factor 4, this is just what we want, 
and so a suitable function F is x > 4x*. Hence, we have 


2. 2 
f xox = f D(x 4x4) 
1 z 


i] 


[xf 


a(2*) — 2(1*) 
1 


\ 
fa 


The function x'-—+ x3 is\continuous, so our application of the theorem 
is justified. 


Exercise | si 
xercise 1 
Using the Fundamental Theorem of Calculus, evaluate G minutes) 
b 
— 
a 


Look back at the solution to Exercise 9.2.1.3 of Unit 9, Integration I and 
compare the amount of calculation needed there (to evaluate the same 


integral without using the Fundamental Theorem of C i 
amount needed here. eee ] 


Exercise 2 


Use the Fundamental Theorem of Calculus and the table of standard 
derived functions, given in Unit 12, section 12.4.1, to evaluate 


(i) [ew (ii) ik cos (iii) t sin. 


Could you have evaluated the second integral in a simpler way? 


(HINT: Draw the graph of the cosine function and interpret the integral 
in terms of the graph; use the symmetry of the curve.) 


13.1.4 The Complete Fundamental Theorem 


The first and second parts of the Fundamental Theorem of Calculus 
tell us, respectively, that differentiation “undoes” integration and that 
integration “undoes” differentiation. In this section we shall combine 
the two parts of the theorem into a single statement which expresses the 
symmetrical relation between integration and differentiation. By expres- 
sing the two parts of the Fundamental Theorem in terms of the differ- 
entiation and integration operators, we shall show that the theorem as 
a whole states that these two mappings are reverses of each other. 

The essential properties of the differentiation and integration operators 
are that the differentiation operator maps functions to their derived 
functions, and the integration operator maps functions to their primitive 
functions. In symbols, these properties can be written: 


D:F+— the derived function of F 
1: f'—— the set of all primitive functions of f. 


The domains of the two operators are both sets of real functions; we 
shall specify these sets more precisely later. 


The first part of the Fundamental Theorem of Calculus, given in 
section 13.1.2 (page 8) states (for a suitable class of functions SX): if F 
is a primitive function of /, then fis the derived function of F. 
In terms of the “implies” symbol, we have: 

(1: f'——> F) = (D:F — f). 
The second part of the Fundamental Theorem, given in section 13.1.3 


(page 12) states (for a suitable class of functions F): if / is the derived 
function of F. then F is a primitive function of /. We therefore have: 


(D:F-—> f) = (I:f—> F). 


Taking these two statements together, and using the logic symbol of 
equivalence we introduced in Unit /1, Logic 1, we have: 


(Do Pea feel ak) 


This result provides us with a unified statement of the complete Funda- 
mental Theorem of Calculus. Stated in words, it is (for continuous f 
with suitable domain and codomain): 


fis the derived function of F ifand only if I is a primitive function 
of f. 


Even more concisely, we can say that 
the mappings D and / are reverse mappings 


(see Unit /, Functions). 
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Exercise 2 
(5 minutes) 


13.1.4 


Discussion 


Fundamental 
Theorem 


(continued on page 15) 


Solution 13.1.3.1 


iby hy 
fxes= [der > dy2) = [xr be? = Yb? — da. 
; i 


The solution given in Unit 9, Integration I is considerably longer than 
this one! a 


Solution 13.1.3.2 


A f 
(i) [ exp = I Dexp =(exp])} = exp(t) — exp(0)=e'-1 
0 O 
a a 
«i [ cos =| Dsin = [sin]§ =sinn —sin0=0-0=0 
0 0 
mp2 mf 2 tT 
(iii) i sin = f D(~cos) = [—cos]§'? = —cos= + cos 0 
i) 0 2 
=-0O0¢41=1. 


An alternative method for the second case is: 


cos x 


XR> COS X 
| ™ 


id nf x 
f cos = i cos + f cos 
° ° nf 


= area A — area B 

=0, by symmetry. 
The area B contributes negatively to the integral because the curve 
is below the x-axis. The total area is 


m/2 7 
j cos — [ cos = [sin]g/? — [sin}t,. = 2. | 
0 n/2 


Solution 13.1.3.1 


Solution 13.1.3.2 


Exercise | 


Indicate the property of each of the mappings by ticking the appropriate 
box: 


one-one one-many many-one many-—many 
1 


| 
Exercise 2 


If F is a function in the domain of the mapping D, what is its image under 
the mapping I ° D? | 


To complete the discussion, we shall specify domains for the mappings 
D and I. If you have not studied calculus before, omit the rest of this 
section, read section 13.1.5, and then proceed to the beginning of section 
13.2.0. 


We are primarily interested in integration here, and so we begin with J. 
We shall require any function f in the domain of I to satisfy the following 
three conditions: 


(i) the codomain of f must be R or a subset of R: 
(ii) the domain of f must be R or an interval* in R; 
(iii) the function f must be continuous everywhere in its domain. 


The first condition is necessary for an integral of the function JS, as defined 
in Unit 9, Integration I, to have a meaning. The second condition is not 
Strictly essential, but it is very convenient because it ensures that, if 
a and b are two points in the domain of f, then f(x) is defined everywhere 


rb 
in the interval [a,b], so that the integral J is meaningful. The third 


condition is imposed because both parts of the Fundamental Theorem 
require the function that is integrated to be continuous. We take the 
domain of I to be the set of all functions satisfying the conditions (i), 
{ii) and (iii); this set will be denoted by the script letter “. 


Since the mappings D and / are reverses of each other, the domain of 

D is now determined: it must be the image of the domain of J, namely 

1(@), which is the set of all primitive functions of functions belonging 

to @. By the Fundamental Theorem, this set is identical with the set of 

all functions whose derived functions satisfy the three conditions (i), 

(ii) and (iii) above. The corresponding conditions on a function F in this 

set are: 

(i') the codomain of F must be R or a subset of R; 

(ii’) the domain of F must be R or an interval* of R, and the derivative 
of F must exist everywhere in the domain of F; 

{iii’) the derived function of F must be continuous everywhere in its 
domain. 

The domain of D defined above is not quite the same as the domain for 

the differentiation operator given in Unit 12, Differentiation I, but we 

have used the same symbol D for both differentiation operators, because 

their similarities are more important than their differences. 


* Here we use the term “interval” (in a wider sense than before) to mean any subset of R 
containing more than one number. and also containing all the numbers between any 
two of ils members; for example R*, R~, [a6], [a, bf. ete. 


Exercise 1 
(2 minutes) 


Exercise 2 
(3 minutes) 


Discussion 


Notation 1 


(continued on page 17) 


Solution | 


one-one one—-many Many-one | many—many 


The mapping D is many-—one: the derived function of a given function is 
unique, but many different functions (differing by constant functions) 
have the same derived function. 

The mapping J, being the reverse of D, is one-many. 

The image of a continuous function / under the mapping J, which we 
denote by I(f), is the set of all primitives of f By the first part of the 
Fundamental Theorem, every one of these primitives has derived function 
J, and so the composite mapping D J is one-one. 

Finally, the mapping J  D, being the composite of a many—one mapping 
followed by a one-many mapping, is many—many; this mapping is 
studied in more detail in the next exercise. 


Solution 2 


The image of F under the mapping J « D is the image of DF under the 
mapping /; that is, it is the set of all primitive functions of DF. According 
to the Fundamental Theorem, this set is identical with the set of all 
functions with derived function DF. One function in this set is F itself, 
and the others are all the functions of the form x*—— F(x) + c, where 
cis any real number. We conclude that the image of F under the mapping 
ToD is the set of all functions of the form x+—— F(x) + c, where c is 
any real number. | 


Solution 1 


Solution 2 


(continued from page 15) 
Exercise 3 


Which of the following are valid applications of the Fundamental Theorem 


of Calculus? If an application is not valid, explain why the theorem is 
not applicable, 


1 3x7 ifx > 0 
(i) [a =[F,\]!, where F,:x—> Oifx=0) (xeR) 
—3x’ ifx <0 
and f,:x*-— |x| (xe R). 
1 + 
(ii) fo =Thlhs where foia—e{ ! sie 20) (xeR) 
Sr -lifx <0 
and /; is given in (i). 
L 
(iii) ; fy =(Cf)!, where fy:x-—0 (xe Rand x 4 0) 
and f, is given in (ii), 
1 
(iv) Js =()!, where fy:x-—0 (xe R) 
-1 
and f, is given in (ii). a 


13.1.5 Summary 


If f is any real continuous function, then a function F defined by 


F(x) = fs +c (x € domain of /’), 


a 
where a and c are real numbers and a belongs to the domain of f, is called 

primitive function of f. Primitive functions can be used to evaluate 
integrals by means of the formula: 


b 
[ r= Fe) - Fo = 02, 


where F is any primitive function of f. 

Any two primitive functions of the same f differ by a constant. 

The Fundamental Theorem of Calculus can be summarized by the 

statement (valid if f is a continuous function with codomain R and 

domain R or an interval of R) that F is a primitive function of f if and only 
J is the derived function of F; this statement is equivalent to the pair 

of formulas 


o[x— fs} =f 
[or = F(b) — Fa). 


a 


The second of these formulas is particularly useful because it enables us 
to evaluate any integral if we can express the integrand (that is, the 
function to be integrated) as the derived function of another function. 


Exercise 3 
(This exercise is quite hard, but do not 
spend more than 10 minutes on it.) 


13.1.5 


Summary 


Solution 13.1.4.3 

(i) Valid. f, is continuous everywhere in its domain, and F, is con- 
tinuous and differentiable everywhere in its domain. 
When x < 0, |x] = —x, and we have DF\(x) = —x. 
When x > 0, |x| = x, and we have DF,(x) = x. 


It follows that DF, = fi. 

(ii) Not valid (although the equation given is in fact true), because fz 
is not continuous (its graph has a gap at 0). To derive the given 
equation from the Fundamental Theorem, the integral must first be 


1 0 L 
split into two parts: i h= fot fo, and the Fundamental 
fod | =t ° 


Theorem applied to each part separately. 
(iii) Not valid, because there is a gap in the domain of f3. In fact we have 
1 


_f = 0, but [f2]4, = 2. 


(iv) Not valid, because f, is not the derived function of f, (f2 has no 


1 
derivative at 0). Again, [ fs = 0, but [faJL, = 2. a 
-1 


Solution 13.1.4.3 


13.2. THE RULES OF INTEGRATION 
13.2.0 Introduction 


The discovery of the Fundamental Theorem of Calculus greatly increased 
the power of analytical (as opposed to numerical) methods in mathematics, 
by making it possible to evaluate many new integrals that arose in pure 
mathematics and its applications, particularly in dynamics. One example 
of a problem leading to integrals Tequiring these methods is the problem 
of showing that the gravitational force of attraction between two spherical 
bodies, such as the earth and the moon, is the same as it would be if the 
masses of the two bodies were concentrated at their centres; the solution 
of this problem was an important step in Newton's great achievement 
of explaining the motions of the heavenly bodies in terms of gravitation. 
Another such problem is that of calculating x accurately: a very con- 
venient method is to find an integral that is exactly equal to z, and then 
to evaluate this integral approximately by some method such as Simpson’s 
rule. In both cases the essential point is that techniques based on the 
Fundamental Theorem of Calculus make it possible to evaluate the 
integral in question exactly (even though the value of the integral may 
turn out to be an irrational number such as z). 


The purpose of this section is to introduce you to these powerful tech- 
niques of integration. They are all based on the following formula which 
we obtained in section 13.1.3: 
ab 
DF = F(b) — F(a), 


va 


or on the equivalent statement about primitive functions: 
F is a primitive function of DF. 


Thus the technical problem in evaluating an integral is to find a function 
F, given the derived function DF. If the given function DF is sufficiently 
simple, it may be possible to find it in a table of standard integrals such 
as the one at the end of this text. Such a table is a list of the functions DF 
that are derived functions of simple functions F, and is therefore little 
more than a table of standard derived functions, such as the one given 
in section 12.4.1 of Unit 12, Differentiation I, with the left and right-hand 
columns interchanged. This interchange of columns mirrors the fact that 
D and J are reverse mappings. 


In most cases, however, it is not possible to find the given function DF 
in a table of standard integrals. The technique here is to try to express 
the given integral in terms of another one which is in the table. We have 
already had a rather trivial example of this when we found a primitive 
function of x-—>x*. We knew that D(x x*) = (x*— 4x3), and 
from this we saw that D(x-—> 4x*) = (x x3), and so a primitive of 
(x x3) is (x 3x"). There are various rules, known as rules of inte- 
gration, for making this kind of rearrangement. These rules correspond 
roughly to the rules of differentiation given in Unit 12, Differentiation 1. 
Unlike the rules of differentiation, the rules of integration do not guarantee 
success in the sense that they do not in every case give an expression for 
the primitive function as a combination of known functions. They are, 
however, sufficient for a large proportion of the cases which commonly 
arise. In the end, it is the mathematician’s job to hold the balance between 
the analytical methods, like those we discuss in this unit, and the numerical 
methods like those we discussed in Unit 9, Integration I. 

We consider first the rules that arise directly from the definition of a 
primitive function, and then the ones that correspond to the rules for 
differentiating products and composite functions. All the rules of integra- 
tion are collected on the reference page at the end of this text. 


13.2 


13.2.0 


Introduction 


13.2.1 Constant Multiples, Sums 


We saw in Unit 9, Integration I and Unit 12, Differentiation I how to 
integrate and differentiate functions, in particular polynomial functions, 
that are constructed from simpler functions by multiplying them by 
constants and then adding them together. 

In Integration I we obtained the rule for integrating a sum of two functions. 


say f and g: 


pb hy fh 
fure=[r-f & 


and also the rule for integrating a function, say f, multiplied by a number, 


say k: 
h b 
forsee 


We derived these rules directly from the definition of the definite integral. 
The Fundamental Theorem shows the rules in a new light, by relating 
them to the corresponding morphisms for the differentiation operator 
which we discussed in Differentiation I: 
D(F + G) = DF + DG, 
D(kF) = kDF. 

Using the Fundamental Theorem, it is possible to deduce either of 
Equations (1) and (3) from the other, instead of proving them independently 
as we did in Integration I and Differentiation I. Likewise it is possible to 
deduce either of Equations (2) and (4) from the other. The details of these 
rather barren exercises are indicated in the Appendix. It is worth noting 
that there are corresponding rules for primitive functions too: 


If F and G are primitives of continuous functions J and g, then 
F + Gisa primitive of f + g. 


If F is a primitive of a continuous function /, then kF is a primitive 
of kf. 
Exercise | 


Prove Rule 1. 1] 


Exercise 2 
From the standard differentiation formula 
D(xr— x") = x mx"! 


where m is a real number and the domains of x~—> x" and x-—+ mxm—! 
: Beats 5 
are both R*, find primitive functions of x-—> x8, xt x10 yp, Vx. 


ett 


, x 
Is there any value of r for which x»—> 1 is not a primitive function 
rt 
of x-— x"? | 
Exercise 3 


From Exercise 2 we see that the integration of x-—+ 1 demands special 
x 


attention. From the table of standard deriv i 
t . F ed functions at the 
Differentiation I, find a primitive function of ore 


1 
= (xe R*). 


20 


13.2.5 


Discussion 


Lquation (1) 


Equation (2) 


Equation (3) 


Equation (4) 


Rule 1 


Rule 2 


Exercise 1 
(3 minutes) 


Exercise 2 
(3 minutes) 


Exercise 3 
(2 minutes) 


The addition and multiplication rules for integration which we have 
formulated so far are sufficient to integrate any polynomial function. For 
example the function 


q:xt—ax*+bhx+e  (xeR) 


can be built up, using the two operations, multiplication by a constant 
and addition, from the elementary functions x-—> x2, x-—> x and 
x—> I, which are all of the form x——> x”. We saw in Exercise 2 that 


a primitive function of x —>x", where m # —1, is x—> m+ 


i 

m+ 

It follows, by Rule 2, that: 
a primitive function of x-— ax? is x ——> fax}, 
a primitive function of x-—> bx is x-—> 4bx?, 
a primitive function of x-—>+e is x ex, 


and hence, by Rule 1, that: 


a primitive function of x-——> ax? + bx + c is 
xt—> fax? + dbx? + cx. 
Exercise 4 
Find all the primitive functions of 
x-— x> + 3x3 + 2x (xe R). || 
Exercise 5 
Find a primitive function of 


t-—> 3 sint + 4cost (te R). | 


13.2.2. Integration by Parts 


The two remaining rules of integration are not so closely analogous to 
the rules of differentiation as the ones given in the preceding section, 
but even so they do correspond to specific rules of differentiation. In 
this section we formulate the rule of integration that corresponds to the 
rule for differentiating the product of two functions. It is useful when 
dealing with integrals of products of functions. 


The rule for differentiating a product of two real functions f and g obtained 
in Unit 12, Differentiation I, is 


Df x g)=f x De+g x Df 


where x denotes the multiplication of functions. To convert this into a 
rule for integration, we take a definite integral of both sides, obtaining 


[ou a-[u x re + [i x Df) 


where a and b are any numbers such that [a, b] is included in the domains 
of the functions Df and Dg. Applying the Fundamental Theorem of 
Calculus, we can put this equation into the form: 


b b 
Ux alt= [ Ux de) + fe x Df 


or, on rearranging, 


b bh 
f (f x Dg) =Lf x elt = f te x Df, 
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Discussion 


Exercise 4 
2 minutes) 


Exercise 5 
(3 minutes) 


13.2.2 


Discussion 


Rule for Integration 
by parts 


as 


(continued on page 23) 


Solution 13.2.1.1 


To prove Rule I we can start cither from Equation (3) or from Equation (1). 
Starting from Equation (3), we have 


D(F + G)= DF + DG 
=ft+g, by the Fundamental Theorem. 


Therefore, F + G is a primitive function of f + g, by the Fundamental 
Theorem. 

Starting from Equation (1) we have. for any a and b such that (a. b] lies 
in the domain of f + g. 


[us a=[refe 


= F(b) — F(a) + G(b) — Gla), 
by the definition of a primitive function 
= [F + Gh. 
Therefore, F + G is a primitive function of f + g. a 


Solution 13.2.1.2 


A primitive function of x-— x9 is x-—> gx® + ¢, for any ce R. 


A primitive function of x —> x!° is x > q4x!'! + ¢, for any ce R. 
. x32 
ive F ae d 
A primitive function of x-—> \/x = x-—> x”? is 357 +c, for 
any ceR. 


There is one exceptional value of r for which the suggested primitive 
functions fails: it is —1. The reason is that we cannot divide by r + 1 
if its value is zero. r] 
Solution 13.2.1.3 


Since 


Din) = x1 (xe R*), 


a primitive function of 
1 


os (xe R*) 


is the natural logarithm function: 


In:x-— Inx (xe R*). P| 


Solution 13.2.1.4 


The set of all primitive functions of the given fiinction consists of all the 
functions of the form 
xr— gx + te rte (xe R) 
where c is a real constant of integration. 
(You may have obtained an answer of the form 
x x + Bett Pt eer ten tcy (xe R) 
with one constant of integration for each term i 


t in the polynomial. This 
is not wrong, but it is clumsy because it gives the i 


It iti ; mpression that, in order 
to choose a primitive function from the set, we need to choose three 
numbers €1,¢2 and c3, whereas in fact only one number, c; +c, +¢ 

1s necessary.) ; iy 


ie 
is 


Solution 13.2.1.1 


Solution 13.2.1.2 


Solution 13.2,1,3 


Solution 13.2.1.4 


Solution 13.2.1,5 
Since 


D(t-—> —3 cost +4sint) is ty— > 3sint + 4cost 


a primitive function of 


t-—>3sint+4cost is t'—> —3 cost + 4sint, a 


(continued from page 21) 


This is called the rule for integration by parts, because we integrate only 
part of the function under the integral sign on the left — the part Dg. 


At first sight the rule of integration by parts does not look as though it 
will help much in the evaluation of integrals, because it converts one 


b 
integral, { (f x Dg), into an apparently more complicated expression 


that involves another integral looking very much like the one with which 
we started. When specific functions are used in place of the unspecified 
functions f and g, however, it may happen that the new integral, 


b b 
i (g x Df), is easier to evaluate than the old one, f (f x Dg), and if 


a a 
so, then the rule of integration by parts will have served its purpose. 
As an illustration, we apply the method to the integral 


b 
| x-— x cos x. 
a 


The function to be integrated is the product of the function x-—> x 
and the function x-—> cos x, which can be abbreviated to cos, so the 
integral is 


rb 
(x-— x) x cos. 
The rule of integration by parts is 


b b 7 
[rx oo=trx - [exon 


a 


and to use it on our integral, we take f to be x-—— x and Dg to be cos. 
From the table of standard integrals we know that D sin = cos, so we 
take g to be the function sin. (Any other primitive function of cos would do 
instead, but the one used here is the natural choice, because it is the 
simplest.) With these choices for f and g we have 


Six x, Df:x-— 1 


and 


gix'— sin x, Dg :x'— cos x 
and so our integral becomes 


b 
c (x x) x cos = [(x--— x) x sin}? -f{ sin x (x-——= 1) 


hich means the same as 
b b 
i xt x cos x = [x x sin x}? — [ x— sin x. 
a 
a 


The integral on the right is easier to evaluate than the one on the left; 
fact it is a standard integral (see the table at the back of this text), and 


13.2.2 


Solution 13.2.1.5 


x—— —cos x is a primitive function. We can therefore evaluate the 
right-hand side, obtaining the required integral : 


b : i“ 
i) x >xcos.x = [x xsin x]? — [xt —cos x], 
a 


= bsinb — asina + cosh — cosa. 


When you come to apply the formula for integration by parts you may 
find it more convenient to use the following form, in which the images 
of the functions are shown explicitly: 


b 
j xt f(x) x Deix) 


b 
= [xr f(x) x gre -f x—> ax) x Df (x). 
Remember that Dg(x) is the same thing as g'(x), the image of x under the 
derived function Dg, which is the derivative of g at x. For example, this 
formula, when applied to the integral we have just treated, gives 


b b 
f x-—> x cos x = [x x sin xJh - I sity xX (x-— 1) 
a a 


where 
L(x) = x, Df(x) = 1, 


g(x) = sin x, Dg(x) = cos x. 


The notation is, however, still clumsy, and we suggest that where: 

(i) the functions have been clearly defined at the beginning of a piece 
of work; 

(ii) there is no likelihood of confusion; for example, it is quite clear 
which symbol is being used for the variable defining the function; 

(iii) the complexity of the work warrants it; 

the “x'—+" part of the notation of a function be dropped for the 

purposes of calculation. This is, of course, an “‘abuse of notation’’; but 

it is normal mathematical practice to abuse notation when the situation 

warrants it. 


Modifying our notation, we obtain: 


A b 
i xcos x = [xsin x] — i) sinx x 1, 
a 


a 


and the general formula for integration of parts becomes 
b b 
J L(x) x Daix) = (f(x) x atx} -f glx) x Df (x). 


Another useful piece of notation is the following. So far we have denoted 
one of the primitive functions of a given function f by the corresponding 
capital letter F. This now becomes inconvenient, because F x DG is 


not a primitive of f x Dg, so we denote one of the primitive functions of 
a given function f by 


fi 


that is, we use the integration symbol without the 
tion. In terms of primitive functions, 
parts becomes 


end-points of integra- 
the formula for integration by 


[fx de=sxu~ fax oy, 


Notation 


Notation 1 


Notation 2 


where the two primitive functions in this formula will be determined by 


their context: the result asserts that, if J g x Df is one of the primitive 


functions of g x Df, then f x g- fe x Df is one of the primitive 


functions of f x Dg. For example, if we are asked to find a primitive 
function of x-—> x exp x (x € R), then we choose 


fix x, Bcx— exp x; 


and obtain 


J xexpx = xexpx~ foxps xl 


= X€xpx — expx 
= (x — l)expx 
that is, one of the primitive functions of x-—>x exp x is 


x+—>(x — l)exp x. 


Exercise 1 


7m 


Evaluate f x— x sin x. 
o 


(HINT: Take f(x) = x in the formula for integration by parts.) | 
Exercise 2 


Apply the rule of integration by parts twice in succession to finda primitive 
function of x-—> x? exp x (x € R). 


(HINT: take f(x) = x? in the first integration by parts.) a 
Exercise 3 


b 
Apply the rule of integration by parts to the integral f XcOs x treated 


A 
in the text, taking f(x) = cos x and Dg(x) = x. Does the rule, applied in 
this way, help you to evaluate the integral? What lesson do you learn 
from this exercise? | 


FM 13.2.2 


Exercise 1 
(3 minutes) 


Exercise 2 
(3 minutes) 


Exercise 3 
(3 minutes) 


Solution J 


To evaluate 


i 
[ x-— x sin x, 


0 
let 
I(x) =x, sothat Df(x)=1; 
gy) = -cosx, sothat Dex) = six; 
a=0, b=n. 


The formula: 
b b 
f f(x) x Deivid = (f(x) x gine -f a(x) x Df (x) 
becomes 


x sinx =[—xcosa]j — i —cos Xx 
0 0 


—xcosn + 0cos0 +f cos x 
0 


—x x (—1) +0 + [sin x]§ 


=. 


Solution 2 


Let 
f(x) = x’, sothat Df(x) = 2x, 


g(x) =expx, sothat Dg(x) = exp; 


then we obtain: 
(2 exp x = x? expx -| exp x x 2x. 
On page 25 we found that: 


[rex =o - 1) exp x. 


Combining these results and using Equation (2) of section 13.2.1, we 


obtain: 


[Peps = (x? — 2x + 2)expx. 
That is, one of the primitive functions of x —> x? exp x is 
xt—> (x? ~ 2x + 2)exp x. 
Solution 3 
Let 
S(x) =cosx, sothat Df(x) = —sin x, 
glx) = 3x?, so that Dg(x) = x; 


then we obtain: 


b 
i N COS X 
a 


b 
p ee 4 , 
= [3x" cos x} -f — 3x? sin x. 
e 
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Solution 1 


Solution 2 


Solution 3 


This time the new integral is more complicated than the one we started 


with (the power of x in it is higher). The lesson to be learnt is that if there 
are several possible ways of choosing f and g in the formula for integra- 
tion by parts. it is worth trying all of them if you do not at first find one 
that simplifies the integral. (A more advanced lesson might be that if 
the function to be integrated is a polynomial function times another 
function, it is better to make the polynomial f rather than Dg. because 
differentiating a polynomial reduces the degree while integrating increases 


it.) P| 


13.2.3 An Application of Integration by Parts 


You may find this section rather difficult. It may be omitted in a first 
reading of this text without affecting your understanding of the subsequent 


material. A summary of the main steps in the argument is given at the 
end of the section. 


As a further application of the method of integration by parts, we shall 
now consider a physical example. 


It is found experimentally that the way in which a radioactive substance, 
such as uranium, decays is described to a very good approximation by 
the formula 


N(t) = A exp (ct) (te R*) 


where A is a positive number, c is a positive number called the decay 
constant, and N is the function defined by 


time, t, measured 


in years, say, number of uranium 
N:] since some *—— | atoms remaining (te R*). 
arbitrary initial at time t 
instant 
Nit) 
A 
treNit) 


The problem is to find the mean life-time of the uranium atoms; that is 
to say, the average time a uranium atom lasts before decaying. This 
verage can be expressed as a definite integral, which we shall evaluate 
using integration by parts. 
The average life-time of the atoms is defined by the equation: 
sum of the life-times of all the atoms 
number of atoms 


average life-time = 


Using the techniques developed in Unir 9, Integration I, We can approx- 
imate to the numerator by an integral over the time interval (0, T]. 


FM 13.2.2, 13.2.3 


13.2.3 


Application 


Equation (1) 


where T is some very large number. We divide the time interval (0. T] 
into m equal sub-intervals, [0,11], [¢1.¢2]- {f2- ta Jisesis [tm-15 1], where m 
is any positive integer. 


Number decaying 
Zbotween times tz and ty 


ov 


sah , 
The length of each sub-interval is oe Consider any one of these sub- 


intervals, [t,_1.¢,], Say. Then the number of atoms whose times of decay 
lie in the interval [¢,— , ¢;] is 


N(ty-1) — N(ty)- 


: . ' T : 
Provided m is large, so that the interval length a t, — t-1 is small, 


we can make the approximation that all these atoms decay at the end of 
the interval, that is, at the instant ¢,, so that their contribution to the 
sum of the life-times of all atoms decaying in the interval (0, T] is approx- 
imately 


(N(tq— 1) — N(t))tas 


and this sum of the life-times itself is given approximately by: 


sum of the life-times m 
of atoms decaying >} ~ Y (N(ty-1) — N(t,))te- 
during (0, T] nee 


To use the definition of a definite integral of a function S (see Unit 9, 
Integration I) in the form: 


T : Tm 
[r= sim 2S soy 
° mlarge Ht y=" 
we would like to approximate the factor N(t,_ 1) — N(t,) in Equation (2) 
by something that depends only on 4, and is proportional to ea Now 
m 


the factor we wish to approximate, representing the number of atoms 
decaying during the time interval (r,_ 1»), is equal to the interval length 


T ne : 
a multiplied by the average rate of decrease of N(t) during the interval. 


the slope at this point = ON (ty 4) 


a7 this slope = average rate of 
decrease of N(t) 
over the Interval [ty_1,t,] 


Equation (2) 


where T is some very large number. We divide the time interval [0, T] 
into m equal sub-intervals, [0, ¢,],[¢;.t2], [t2.t3].....[fn—-1- 7], where m 
is any positive integer. 


Nit) 


Number decaying 
between times tp and ty 


T 
The length of each sub-interval is —. Consider any one of these sub- 
m 


intervals, [t, 1, t,], say. Then the number of atoms whose times of decay 
lie in the interval [¢,_ ,, 4] is 


N(t,—1) — N(ty)- 


‘ j T : 
Provided m is large, so that the interval length — = t, — t,_, is small, 
m 


we can make the approximation that all these atoms decay at the end of 
the interval, that is, at the instant f,, so that their contribution to the 
sum of the life-times of all atoms decaying in the interval [0, T] is approx- 
imately 


(N(t- 1) — N(t)tis 


and this sum of the life-times itself is given approximately by: 


sum of the life-times a 
of atoms decaying = ¥ (Mty-1) — N(tdte- 
during [0, T] co 


To use the definition of a definite integral of a function f (see Unit 9, 
Integration I) in the form: 


T 7 m 
[ f= tim © steg 
cv) 


mlarge M1 j=" 

we would like to approximate the factor N(t,_,) — N(t,) in Equation (2) 
‘ “ . 1 

by something that depends only on ¢,, and is proportional to —. Now 
m 


the factor we wish to approximate, representing the number of atoms 
decaying during the time interval [t,_,, t,], is equal to the interval length 


T — , : 
i multiplied by the average rate of decrease of N(i) during the interval. 


the slope at this point = DN (t,.;) 


this slope = average rate of 
x decrease of N(t) 
over the interval [ty_4.t,] 


4 
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Equation (2) 


For g we need a function whose derived function is i— exp (— el). 
In Unit 12. Differentiation I we saw that the exponential function ts Ils 
own derived function; this suggests trying #-— exp (—ct) for g. In fact 
the derived function of :-— exp (—ct) is f-——> —c exp(—ct). which 
is not quite the Dg that we want: but by the constant factor rule we can 
remove the unwanted factor (—c) by taking 


instead, Substituting for (0) and g(r) in the integration-by-parts formula, 
with a = Oand b = T. we find: 


T exp(—c |? fTexp(—cn) | 
{ ctexp(—ct) = | cl-----—- | — ae 
-¢ ° oO C 


0 


1 
= [-rexp(—er)]§ - <lexp(—en)]o 


—cT. 1 
—Texp(—cT)+0—- a Be 
ic c 
so that, by Equation (6) 
average 1 - 1 
eet =-+ lim - Texp(—cT) — texp(—eT}h. Equation (7) 


C  Tiarge 


This disposes of the integration. 
The last step is to deal with the limit in Equation (7). 


I rr 
The graph of the function N shows that the term 3 exp (—cT) has limit 0 x(=cT) | xexp(—x) 
for large t. The limit of the other term is not quite so obvious, because 0 0 
the small quantity exp(—cT) is multiplied by a factor T which is large, 36 
so that it is not immediately clear whether their product is large or small. : 0.368 
Calculation shows, however, that the product is very small for large T. = 0.257 
as can be seen from the table at the right; and in fact it is possible to 3 0.149 
prove (for c > 0) that : ay 
jim (eTexp(—cT)) = 0. 6 0.015 
Stic tetes ai 7 0.006 
Thus each term in the limit in Equation (7) has limit zero, and the formula 8 0.003 
reduces to: f 
9 0.001 
ie zs 1 10 0.000 
average life-time = -. 
z 


This answers the problem posed at the beginning of this section. 


Summary 
Summary 


+. 


| Number of uranium atoms Temaining at time 1 is given by 
N(t) = A exp(—ct) (te R*), 


2 Average life-time of atoms is defined by 


Equation (1) 


average life-time = sum of the life-times of all the atoms 
number of atoms 


3 Number of atoms decaying in time interval [t.-1,.4J is 
N(t~1) — N(ty), 


and if we assume that they all deca 
of these atoms is, approximately, 


(N(t~1) — N(G))ty- 


y at the instant s,, the total life-time 
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4 We divide the interval {0.7}. where T is 
intervals The total life time of all atoms d 
approximately, : 


large. into m equal sub- 
lecaying in this interval is. 


m 


Ps UK) = Ney 


sks (a — Na) 


mz) te they 


| since 2 
ke S HPhr-t 
m k k-1+ 


Equations (2) and (3) 


Ta. 
=— ¥ (~4DM1,)). 


mS L-quation (4) 
5 In the limit. for very large m. 
sum of life-times T 
ofatoms decaying } = i) t-— ~—1 DN(t) 
during [0, T] o 
and so 
sum of the life-times . i 
of all the atoms = itn. A f —t DN) 
average}, =o 
life-time = jm i t-— > —t DN(t) Equation (5) 
. T 
= stim R t— ct exp(—cr) Equation (6) 
ce + lim T T) 
CC Tlarge expt e2} 
1 
ep (-cT) Equation (7) 
aol 
> 
13.2.4 Integration by Substitution 13.2.4 
In the previous sections, we have investigated the effect of the mapping J Discussion 


on the arithmetic operations defined on functions. As you may recall 
from Unit J, Functions, there is another operation defined on functions. 
In this section we shall discuss how the integration mapping affects 
composite functions. As with the arithmetic operations, we can save 
ourselves a lot of work by using the results we obtained in Unit 12, 
Differentiation I for differentiating composite functions. We saw in 
Unit 1 that when inverting a function it is often useful to think of it as 
the composition of simpler functions. Similarly the concept of composi- 
tion is useful in the context of integration. One can often evaluate an 
integral of a function most easily by finding a primitive which is a com- 
position of more elementary functions. First of all we must find out how 
to integrate a composite function. As an illustration, consider the problem 
of evaluating 


jb 2 
f x*— x cos (x*) 
a 


where a and b are positive real numbers. This looks very similar to the 
integral which we evaluated by parts in the preceding two sections, but 
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the fact that the integrand now involves cos (x2) instead of cos x makes a 
big difference. If we try to apply the method that we used for 


b 
i xX} X COS X, 
a 


we find that the functions f and g enter the calculation, where 
f(x) =x Dgix) = costx) 
Df(x) = 1, gixy=? 


Before, we had Dg(x) = cos x, so that g(x) was sin x; but in this case there 
is no simple function having derived function xt—— cos (x?) to use for g. 
This is not the only way of using the rule of integration by parts here, but 
none of the alternatives is much help either; so instead of labouring the 
integration by parts method any more, let us look instead at the integral 


b 
i xt—— x cos (x?) 
a 


from a fresh point of view. 


One way to evaluate the integral would be to find a suitable primitive 
function, and by the Fundamental Theorem of Calculus this primitive 
function, F say, will satisfy the equation: 


DF(x) = xcos(x?) (x e[a, b]). Equation (1) 
The expression cos (x?) suggests that F may have the form 
F(x) = G(x?) (xe [a, b}) Equation (2) 


where G is some new function, to be chosen in accordance with 
Equation (1). To use this equation we differentiate the function in 
Equation (2), obtaining 


DF(x) = 2x DG(x?) (xe [a, b]) 


by the rule for differentiating composite functions (see Unit 12, section 
12.2.5); Equation (1) then gives: 


2x DG(x?) = x cos (x?) (x €[a, b)). 
The natural way to satisfy this condition is to make 
DG(x?) = ¢cos(x?) . (xe[a,b]), 
that is, 
DG(u) = F008 u (ue [a’, 67) Equation (3) 
where u stands for x7. We have now reduced the problem of finding a 


primitive of x-— x cos (x?) to the simpler one of finding a primitive 
function of u-—> }cos u. 


By the table of standard integrals, this latter Primitive function is 
Sin, so from Equation (3) we obtain: 


G(u) = $sinu (ue [a?, b*)), 

and then Equation (2) gives a required primitive function F, where 
F(x) = } sin (x?) (x €[a, b)). 

The integral we set out to evaluate is therefore 
[ x cos (x?) = (}sin (x?) 


= ysin (b?) — 4sin (a2), 
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Exercise ] 


By filling in 


is sin Jx 
iis a 


then we have 


DF(x) = Da/x). 
Putting 
DF(x) = sin fx we get 
Jx 
sin Jx = 
If we put 


Jx =u, then 
DGlu) = 


and a primitive function for u-——> 2 sin u is 
n>, . 


G(u) = 


Thus we find 


The definition of G gives: 
Glu) = Gx) = Fl. 


Thus we can find F(x) in terms of x. The expression is 
F(x) = 


and since 
me 1 
sin \/x 
i yr iin’ = [FV /4 
0 Jx 
we have 


i sin /x 
xr ve 
x 


nya 


F(x) = G/x) [re [z-*}} 


the_empty boxes in the working which follows, evaluate 


(i) 


i) 


(iii) 


(iv) 


(v) 


(vi) 


(vii) 
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Exercise 1 
(3 minutes) 


‘ Solution | 
Solution J cli 


I 
(i) DF(x) = ows 
_ 
(ii) sin /x = 4DG(/%. 
(iii) DG(u) = 2 sin u. 


(iv) u--—> —2 cos u. 


{v) G(u) = —2cosu + c, where c is any constant. 
(vi) F(x) = —2 cos Jx +c. 
r us 
(vii) [x-—> —2 cos \/x)23;4 = —2cosm + 2 cos 5 
= 2. 

; Exercise 2 
Exercise 2 (4 minutes) 
By writing F(x) = G(—x?), and making a suitable choice for F, evaluate 

rb 
i xt— x exp(—x?), 
a 
where a and b are any positive real numbers such that a < b. a 
To make the application of this method as convenient as possible, it Main Text 


is worth setting up a general formula, just as we did for integration by 
parts, embodying the steps that are common to every application of 
the method. The method we have been discussing in this section comes 
from the result for differentiating a composite function. For example, 
in the evaluation of 


b 
i) x-— x cos (x?) 
a 


we looked for a primitive function F in the form 
F(x) = G(x?) 
(see Equation (2)). In general, this composite function has the form 
F = Gok, 
in the notation introduced in Unit J, so 
F(x) = G(k(x)). 


Mappings and Functions 


b 
In general, if the integral we are trying to evaluate is f J, then the 
a 


Fundamental Theorem of Calculus tells that J = DF, and hence, by the 


rule for differentiating composite functions (see Unit 12, section 12.2.5), 
we have: 


F' = (G'ek) x k’ 
that is, 
J = DF =(DGck) x Dk. 


Thus the integral we are trying to evaluate has the form 


r b 
= DGeo 

[ Fa [ (DGek) x Dk Equation (4) 

and its value is 


Flb) — Fla) = G(k(b)) ~ G(Kap, poiats 
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Since Equation (4) will not give us G directly, but will give us DG (if we 
know &), it is best to express Equation (5) in terms of DG too: by the 
Fundamental Theorem we can put Equation (5) in the form: 


KCB) 
F(b) — F(a) = DG. 
‘A(a) 
Writing g for DG and combining Equations (4) and (6), we get: 
b (bY 
[ teem x de = f g. 


kan 


This is the basic rule for integration by substitution. It is repeated in the 
table of rules of integration accompanying this text. Do not attempt to 
memorize the formula: it is much better to look it up when you need it. 


Example | 
As an example, we apply the rule to the integral we considered at the 
beginning of this section, that is: 


b 
f x— x cos (x?), 


Our previous calculation corresponds to the choice 

k(x) = x? (x € R). 
Since Dk(x) = 2x, and we require 

(gok) x Dk = x-—> x cos (x?), 
we take 

gek(x) =4c0s(x?) (xe R) 
which is the equivalent to 
g(u) = cosu (we R, and u > 0) 


where we have written u for k(x), that is, for x, 


This substitution of u for k(x) greatly simplifies the manipulations, and 
accounts for the name “integration by substitution”. The rule now tells 
us that: 


k(b) 


b 
i) x+— cos (x?) = r4 
a ka) 


» 
= J ut} cos u 


= [sin uw]? 
= $sin(b?) — ysin (a?) 


as we found before. a 


Exercise 3 

Evaluate ik x+—> sin (3x) using the rule for integration by substitution 
0 

with k(x) = 3x (xe R). a 
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Equation (6) 


Rule for Integration 
by Substitution 


eae 


Example 1 


Exercise 3 
(5 minutes) 


Solution 2 


Let F be a primitive function of xt x exp(—x?); as suggested, we 


guess that is has the form 


F(x) = G(—x?) (xe [a, b)). 
Then 
DF(x) = —2xDG(—x?) (xe [a, b]) 
that is, 
xexp(—x?) = —2xDG(—x?) (xe [a, b]), 
or 
DG(u) = —texp(u) (ue [a?, b?)), 
where 
= - x? 


Now a primitive function for u-——> —4 exp (u) is 
u-— —texp(u) (ue [a?, b?)), 
so we can take 
F(x) = —}exp(—x*) (xe [a, 6), 
and find 


rb 
fi xt—+ x exp(—x?) = —Sexp(—b?) + dexp(—a?). 


Solution 3 


Applying the rule with a = 0 and b = z, we obtain: 
7 k( re) 
i) (gok) x Dk = g. 
0 KO) 
The integrand is 
g(k(x)) x Dk(x) = sin (3x), 
and we have Dk(x) = 3; so we want 
3g(k(x)) = sin (3x), 
that is, g(u) = } sin u, where u = 3x. 
The given integral is therefore equal to 


k(n) 
[ $sinu = [—4co0s u]3* 
&(0) 


=}cos 32 + 4cos0 
+3 


waite wae 
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Solution 2 


Solution 3 


Sometimes the rule of substitution is most conv 
wards” form in which we start from the rig 
formula 


eniently used in a “back- 
ht-hand side of the basic 


Discussion 


» Kb) 
i (gek)x Dk= | g 
a k(a) 
k(b) 
g given, we know 
= Ra) 
k(a) and k(b) and wish to find a and b. That is, we want to invert the function 


This is possible if k is one-one. Writing « for k(a) and f for k(b) we then 
have the rule: 


on AC py 
| a= i (gek) x Dk 
@ h 


hia) 


instead of the left-hand side. In this case, with 


Equation (7) 


where /r is the inverse of the function k. 


Example 2 Example 2 


1 
Evaluate i x-—>./1 + x using u = \/1 + x. Here we have: 
~-1 


a=-l, B=1 
g(x) = /l+x (x e[—1, 1) 
u=j/lt+x (x e[—1, 1). 


Notice that in this “‘backwards”’ form of the rule, it is h (the inverse of k) 
that maps x to u; so we choose: 


hx)=u=J/1+x = (xe[-1,1)) 


which gives, on inverting this function,* 


ku) = 1? - 1 (ue [0, ,/2)). 
Substitution in Equation (7) gives: 
AL) 


i xe /Ltx= i) (ur-— g(u? — 1)) x Dk(u) 
-1 h 


h(- 1) 
Jt 
= i (u-—* u) x 2u 


Exercise 4 


Exercise 4 (5 minutes) 


1 


Evaluate { xr—> x. /] — © using Equation (7), with v= ./1— x? 
i) 


(that is, h(x) = //1 — x’). a 


* We have 
(h(x)}P = 1 + x 
so 
x = (h(x)? — 1 


Solution 4 Solution 4 


Here, u = f(x) = 1 — x? (x €{0.1]), and fh is a one-one function for 
this domain, so that it has an inverse given by 


x= ku) = /1 — wv? (ue (0, 1). 


where /h(1) = 0 and /(0) = I. 


Thus: 
al 
| x x /(1 — x?) 
0 
0 
=f (u— JL -w x J/1-(l- w)) x ~=—== 
1 
0 
= f ur —1u? 
1 
=[-Ww 
=4t a 
13.2.5 An Application of Integration by Substitution 13.2.5 
As a further illustration of the rule of integration by substitution, let Application 


us apply it to the problem of calculating the area enclosed by an ellipse, 
the curve giving the shape of the orbit of a planet or comet moving under 
the gravitational influence of the sun. 


a al 
cd NX, 
/ oF 
t 
i XM sun \ 
1 i) 
\ I 
x. 4 
N ¢ 
“ 7 
Ss--- 


a b2 Equation (1) 


where x and y are Cartesian co-ordinates, and a and b are positive real 
numbers.* 


{ox y)s 3345-1} 


* Note that a and b are being used here in a different sense from that used earlier in this text. 
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FM 13.2.5 


We can exploit the symmetry of the ellipse and use the techniques of 
Unit 9, Integration I. The co-ordinate axes cut the ellipse into four 
congruent parts, and the total area of the ellipse is just four times the 
area of any one of them, say the part for which x > 0 and y > 0. 


“y 


This quarter-ellipse is the type of area that we can express as an integral. 
The formula for the area is: 


a 
area of quarter-ellipse = f Sf. 
Oo 


Here f is the function whose graph is the part of the ellipse shown in 
the figure. The domain of this function is [0, a] and in view of Equation (1) 
it must satisfy 


epee Si (x€[0, a]), 


or, solving for f(x), 


*} 
f(x) =b fl ai 


2 
(The negative square root f(x) = —b fl - a would also be a solution, 


but would give the wrong part of the ellipse — the part below the x-axis.) 
We now have: 


a x? 
area of quarter-ellipse = f x-—b 1 7 
0 


The substitution (the choice of the function h:x*—> u) which enables 
us to evaluate this integral is not as obvious as the ones we used in the 
last section. However, the presence of the square root sign with the square 


of = inside it suggests the use of Pythagoras’ theorem, applied to the tri- 
a 


angle shown below. 


39 


Pythagoras’ theorem tells us that the base of this triangle is [1 — —3. 


which is the unpleasant part of the integrand. 


wx 


If we call the angle at the left of this triangle u then we have: 


= x 
smu=-—, 
a 


cosu = i? - 


so that there is a chance of simplifying the integral by the substitution of 
a sin u for x. The rule for integration by substitution. with the end-points 
altered to conform to the notation of this section, is: 


a 4c} 
i xr— f(x) = i (u-— f(k(u))) x Dk{u) Equation (2) 
+0 40) 


where 
hix-—u (x € £0, aj). 


kiur—> x (ue (h(0). A(aj]). 
The substitution sin u = ~ corresponds to: 
k(u) = asinu 
h(x) = the angle in the first quadrant, with sin (h(x)) = =. 


The triangle shows that A(x) increases with x for x € (0, a], and therefore 
h is a one-one function; it also shows that when x = 0, then u = 0, and 


Rt : 
when x = a, thenu = 5 that is, 


(0) = 0 


h(a) = 


Nia 


Substituting this information about h and k into Equation (2), we obtain: 


a re] z/2 
jf xb 1-5-[ (u-— bcos u) x (acos u) 
0 a 0 


2 
7 x 
since {1 — 2 = cos u, and Dk(u) = acosu. 


This integral simplifies to: 


x/2 
ab i ut— cos? u. 
oO 


This is still not a standard integral, but at lea: 
square root. 


To complete the evaluation of the integral, we should like to use the 
standard forms for integrating sines and cosines. This is not immediately 
possible because the cosine is Squared, so the first step is to express 
cos? wv in terms of a cosine that is not squared. It is one of the very useful 


properties of the trigonometric functions that this is possible. We use 
the identities* 


St we have got rid of the 


1 = cos? y+ oe 


ue R). 
cos 2u = cos? u — sin? u Wen) 
Adding and dividing by 2 gives 

cos?u = 44405 2u (ue R) 


+f(u) 


+f(u) 


a 


Exercise | 


Complete the evaluation of the integral, and ee of the ecili - 
ideri when a = b. 
ellipse. Verify your formula by considering the special case . 


= 1 connects images under 
ity (i i Xt) i Ja, such as f(x) = g(x). that un 
i y (in this context) is a formula, su x), tha Tis ua eaialioe. 
Rear pee holds for all elements in their common domain (as oppo: q 
which holds for only a few special values). 
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13.2.5 


(See RB 10) 


Equation (3) 


Exercise 1 
(5 minutes) 


Solution 1 Solution 1 


Substituting from Equation (3) into the integral, and then using the rules 
for sums and constant factors, we obtain: 


tf mf 2 
ab f ur— 1 + ab f u-— cos 2u. 
oO ° 


The first integral is now a standard integral and the second is almost in 
standard form; the simplest way to evaluate it is to note that 


D(ut— sin 2u) = u-—> 2. cos 2u 
so that D(u-—— 4 sin 2u) = u-—~> cos 2u and hence u*—— $ sin 2u is a 
suitable primitive. 
The integral thus becomes 
dab[ur-— ulg!? + 4ablu-— } sin 2u]g’? = dnab + 0. 
This is the area of the quarter-ellipse; so we conclude that 
area of ellipse = nah 


(We are not suggesting that this is the best way to calculate the area of 
an ellipse; if you have a feeling for geometry you may like to try to think 
of a more obvious method. Our main purpose here is to illustrate the 
method of integration by substitution.) 

The check is to consider the special case where b = a, in which case the 
ellipse is a circle of radius a, whose area is correctly given by the formula 
above as 7a”, 


{(,y)+B=4} 
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13.2.6 The Evaluation of x 


In addition to giving us the area of an ellipse of known dimensions in 
terms of the number z, the integrals we have been Studying can also be 


used to provide a method for calculating x numerically. We have shown 
in fact that 


a x? 
[x 1~~ =4nab: 
ty) a 


so by choosing convenient values for a and b (say a = b = 1) and evaluat- 


ing the integral by Simpson’s rule* or some other numerical method, 
we can, in principle, calculate x. 


When x is close to a, the slope of the graph of x > _|{ a becomes 
a 

very large and the approximating Strips used in Simpson’s rule are nothing 

like rectangles. Thus Equation (1) does not lead to a very accurate method 

for calculating x. There are other integrals which yield better results. 

The simplest is 


Exercise | 
Verify the result in Equation (2), using the substitution 
xX =tanu (x €[0, 1}), 
with u an angle in the first quadrant. You will need to use the identity 


1+tan?u=sec?u (we R). i 


Exercise 2 

Calculate a value for x by applying Simpson's rule with four strips to the 
tegral in Equation (2). 

Simpson’s rule for four strips is 


ee | 
i) f= 700 + 4y1, + 2y2 + 4y3 + Ya) 
a 


here fh is the interval width and yo,y,,...,y4 are the ordinates at the 
ends of the intervals. 


Work to four places of decimals. Part of a table of reciprocals is given at 
the right. 
| 


See Unit 9, Integration I. section 9.4.2. 
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13.2.6 


Application 


Equation (1) 


Equation (2) 


Exercise 1 
(5 minutes) 


Exercise 2 
(5 minutes) 


ale 


0.9434 
0.9346 
0.6410 
0.6369 


Solution 1 Solution 1 


The rule of integration by substitution tells us that 
1 1) 


1 
2 —1__,) x Dk(w). 
[, Te doy (uw; cia ee 


Taking x = tan u, we have: 


k:u-— tanu (ve[05 


h:x+-— the angle in [° ‘| whose tangent is x 
(xe Rand x 2 0), 


and, in particular, since we have restricted u to the first quadrant: 


h(0) = 0 


h(1) = x since tant =1. 


The integration therefore gives: 


i 1 nie 1 
x = ee 2 
0 Lt +x? i; (/ 1 + tan? "| aa 


m4 
= ) u— 1 


= [w-— adg* 


Solution 2 Solution 2 


Using linear interpolation in the table of reciprocals (see Unit 4, Finite 
Differences) we find: 


1 
2 
x 1+x Ine 
0 1.0000 1.0000 
0.25 1.0625 0.9412 
0.5 1.2500 0.8000 
0.75 1.5625 0.6400 
1.00 2.0000 0.5000 


By Simpson’s rule, we find (since the interval width is 0.25) 


0.25 
fa —z 1.0000 +4 x 0.9412 + 2 x 0.8000 


+4 x 0.6400 + 0.5000) 


= 0% (9.4248); 
so 
T = 3(9.4248) = 3.1416, 
which is a surprisingly accurate result from so little work! i | 


13.2.7 The Leibniz Notation 
b 

In the Mathematics Foundation Course we use the notation ) S for 
‘a 


a definite integral, because it stresses the fact that the integrand is a 
Junction, We chose this notation in the hope that it would make the 
fundamental ideas as clear as possible, by exhibiting the relation of our 
various theorems and techniques to the fundamental ideas about functions 
(addition, multiplication and composition of functions), introduced in 
Unit 1. However, many people (and this includes many authors of calculus 
text books) find it convenient to use a different notation which is due to 
Leibniz. 

The Leibniz notation was introduced briefly in Unit 9, Integration 1, 
and mentioned also in Unit 12, Differentiation I. If y = f(x), then, in 
the Leibniz notation, 


bh b 
i) ydx corresponds to ti 


{y]& or [y]Sz% correspondsto [f} 


and 
[vax corresponds to F(x) or [fe 


where F is one of the primitive functions of f. Thus 


1 1 1 1 
do ans I —— 
i Tyee me 0 1+x 


The formula on the left would normally be abbreviated to 


f dx 
o 1 +x? 


To transcribe a formula from Leibniz notation to function notation, or 
vice versa, you need only remember that: 


bh b 
| ydx corresponds to J x-—y, 
a a 


1 
where y may be replaced by any expression in x, such as Tee or f(x), 
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Notation 


and that 


1 - 

ad corresponds to Df (x). 

dx 

where f is defined by {:x*—— y. with a suitable domain (see Differentia- 


b 
tion 1). It is important to realize that ydx depends on a, b and the 
a 


function x-—> y, while fr dx gives the image of x under some 


function — it depends on the value of x. on the constant of integration, 
and on the function x-— y. For example, we have 


[sax = hte 


where c is some real number. 


Our “abuse of notation” (see section 13.2.2, page 24) gives expressions 
which are very close to the corresponding expressions in the Leibniz nota- 
tion. 


Exercise | 


Transcribe the following expressions from the Leibniz notation to the 
“unabused” function notation. 


@) ie (L + x)dx, 


(i) fo aside, 


b b 
Gi) [sods = [ f sods | ; 


d b 
(iv) nal S(x) dx = f(b). a 


Exercise 2 


Transcribe the rules of integration from the forms: 


@ [umes (keR), 


(ii) [ U+a)= fy + [ g 


cit) [ sx De= Ur x alt fe x os, 


b k(b) 
tv) f wee) x Dk= fs 


ka) 


f (8) 
{v) i g= I (gk) x Dk, where h is the inverse function of k, 
« A(z) 


into Leibniz notation, and write down an example of each formula with 
specific numbers and functions in place of f, g, h, etc. | 
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Exercise 1 
(3 minutes) 


Exercise 2 
(5 minutes) 


The Leibniz forms of the rules of integration can be simplified by introduc- 
ing new variables to stand for f (x), g(x), ete. 


Defining p = f(x), q = g(x) and (as we did in section 13.2.4) uv = k(x) or 
h(x), we can write the rules as follows: 
ab ah 
(i) | kKpdx =k | pdx. 


b h 


! eb , 
(ii) [ (p + q)dx = | pdx + [ qdx. 


a 


I 


b d ib 
(iii) ( potdx = [pg]? — [ ange 
ry, J dx 


: haa du ACh) 
(iv) | gtu)-— dx = [ g(u) du. 
dx 


va why 


ab iby . 
(v) | adx =f ae de 


tay du 


The transformation of the integrand in (iv) and (v) is easily remembered 
since the essential step is embodied in the equation 


dx 
dx = ant! 


(but don’t forget that in each of (iv) and (v) the integrals on the two sides 
of the equation have different end-points). 


To transcribe in the opposite direction, the crucial point is to work 
always with the images under the functions, not the functions themselves. 


b 
For example, to convert i) J x g into Leibniz notation, we first express 
a 


it in terms of images: thus 
b b 
[rx e= fx sere0n, 


b 
which is i J (x)g(x) dx in the Leibniz notation. 
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Discussion 


FM 13.2.7 
Solution 1 Solution 1 
i 
(i) | xe lt+ex: 
=J 
(ii) F(x) where F is a primitive function of x-—~>1— x (xeéR), or 


[fsa ~ x) 


bh b 
(iii) | f= [fe] (or [F]¢) where iy (or F) is a primitive function of f. 
a a 7 


(x). 


(iv) DF(b) = f(b), where F satisfies Sf = F(b) — Fla); that is, F is a 


primitive function of f. This formula is a statement of the first part of 


the Fundamental Theorem of Calculus. See Exercise 13.1.2.1. | 
Solution 2 Solution 2 
b b 
ti) furaefs 
becomes 


b b 
[aren = [00 
whence 


[ kf (x) dx =«f S(x) dx. 


ti) [ute [refs 
becomes 
it * e—+(F) + ala) = [ ” e+ f(a) + [ pa 


whence 


ab 


ib b 
| (f(x) + g(x))dx = I Six)dx + | a(x)dx. 


a 


b b 
(ii [ux De) =U x at fexm 


becomes 


[ —Fodate) = b— seoacont 


b 
=f capes, 
whence 
( 
mn fx) Bax = Lysyeooo - [ofa 
rb k(b) 
(iv) J (gekK)xDk=[ fg 
a ‘k(a) 
becomes 


b k(b) 
[= stoke = [wet 
a ka) 
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whence 
b 1k(x) ‘k(b) 
Kix) de 
[ 8(k(x)) ix dx {. g(u) du. 
B htB) 
(v) i g ={ (g °k)Dk 
a h(a) 
becomes 


B ACB) 
i Xt—> g(x) = f ur—> 9(k(u))Dk(u), 
« h(a) 


whence 
B CRY be 
[ a(x) dx -{ eck) A au 
dy ren du P| 
13.2.8 Appendix (see section 13.2.1) 13.2.8 
To deduce Equation (2) from Equation (4) we can proceed in this way: Appendix 


let F be any primitive function of the given function f in Equation (2); 
then from the Fundamental Theorem, kF is a primitive function of kf, 
and so we have: 


[19 = wr = Ke) — bre = oR = Kf’ 


which proves Equation (2). 


To reverse the argument and prove Equation (4) from Equation (2), let 
Jf be the derived function of the given F in Equation (4); then the Funda- 
mental Theorem gives 


b 
[ r= FH - Fe, 


and so Equation (2) gives 


b b 
kf = kf f = kF(b) — kF(a); 
that is, KF is a primitive function of kf, and so, by the Fundamental 
Theorem again, we have 
D(kF) = kf = k DF, 


which proves Equation (4). The proofs of Equation (1) from Equation (3) 
and of Equation (3) from Equation (1) are similar. You may like to try 
writing them out for yourself. 
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13.3 REFERENCE TABLES 


13.3.1 Some Standard Primitive Functions 


DF(x) F(x) 
yztt 
x* (xeR) withaeZ* - 
atl 
a+. 
x? (xe R*) with zeRanda 4 —1 
atl 
x7! (xeR*) Inx 


1 


1 
(xe Rand ax + b > 0) witha #0 qintax + 6) 


ax +b 

sin (ax) (xe R), witha #0 eal! cos (ax) 
a 

cos (ax) (xe R), witha #0 “sin (ax) 

exp (ax)(x eR), with a # 0 + exp (ax) 


13.3.2. Summary of Rules of Integration 


Fundamental Theorem of Calculus 


ib 
[ DF =F = Fe) - Fla 


2 Constant factor rule 


b b 
forme fs 
3) Sum rule 


b b b 
(i f+ -{ r+ f g. 
a a a 
Integration by parts 
b b 
[fx Demtrx at f' ex oy, 


that is, 


b 
xt-— f(x) x Dex) 


b 
= [x= f(x) x aixyt -| x-— (x) x Df (x). 


Integration by substitution 
b 0) 
[on xdk= fg 
a (a) 
or, alternatively : 
p HB) 
f e~[ (gk) x Dk, 
a h(a) 
that is, 
t) HB) 
[ate = [oe atttuy x Det, 
a a) 


where ht is the inverse of the function k. 
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13.3.2 


Unit No. 


WWWWWKWWNNNNNNNNDND De ee et ee re ree 
DANDRONKH BSDODIADBRONKHDOWADUNAWNEOCOANIDUNAWNE 
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NO TEXT 


NO TEXT 


NO TEXT 


NO TEXT 


Title of Text 


Functions 

Errors and Accuracy 
Operations and Morphisms 
Finite Differences 


Inequalities 

Sequences and Limits I 
Computing I 
Integration I 


Logic I — Boolean Algebra 
Differentiation I 
Integration II 

Sequences and Limits II 
Differentiation II 
Probability and Statistics I 
Logic II — Proof 
Probability and Statistics II 
Relations 

Computing II 

Probability and Statistics II 
Linear Algebra I 

Linear Algebra II 
Differential Equations I 


Linear Algebra III 
Complex Numbers I 
Linear Algebra IV 
Complex Numbers II 
Groups I 

Differential Equations II 


Groups II 

Number Systems 
Topology 

Mathematical Structures 


